NON-CYCLIC GRAPH OF A GROUP 



A. Abdollahi * and A. Mohammadi Hassanabadi 

Department of Mathematics, 
University of Isfahan, 
Isfahan 81746-73441, 
Iran. 

NON-CYCLIC GRAPH OF A GROUP 

Abstract. We associate a graph Fa to a non locally cyclic group 
G (called the non-cyclic graph of G) as follows: take G\Cyc(G) 
as vertex set, where Cyc(G) = {x e G | (x, y) is cyclic for all y € 
G}, and join two vertices if they do not generate a cyclic subgroup. 
We study the properties of this graph and we establish some graph 
theoretical properties (such as regularity) of this graph in terms 
of the group ones. We prove that the clique number of Tq is 
finite if and only if Tq has no infinite clique. We prove that if 
G is a finite nilpotent group and H is a group with Tq = Fh 
and \Cyc(G)\ = \Cyc(H)\ = 1, then H is a finite nilpotent group. 
We give some examples of groups G whose non-cyclic graphs are 
"unique", i.e., if Tq — for some group H, then G = H. In 
view of these examples, we conjecture that every finite non-abelian 
simple group has a unique non-cyclic graph. Also we give some 
examples of finite non-cyclic groups G with the property that if 
T G = Y H for some group H, then \G\ = \H\. These suggest the 
question whether the latter property holds for all finite non-cyclic 
groups. 



1. Introduction and results 

Let G be a group. Recall that the centralizer of an element x € G 
can be defined by 

Cq{x) = {y G G\(x,y) is abelain} 

which is a subgroup of G. If, in the above definition, we replace the 
word "abelian" with the word "cyclic" we get a subset of the centralizer, 
called the cyclicizer (see [HI [15]). To be explicit, define the cyclicizer 
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of an element x G G, denoted by Cyc G (x), by 

Cyc G (x) = {y E G\(x,y) is cyclic}. 

Also for a non-empty subset X of G, we define the cyclicizer of X in 
G, to be 

Cyc G (X) = p| Cyc G (x), 

when X = G; we call Cyc G {G) the cyclicizer of G, and denote it by 
Cyc(G), so 

Cyc(G) = {y G G\ (x, y) is cyclic for all x G G} 

It is a simple fact that for any group G, Cyc{G) is a locally cyclic 
subgroup of G. As it is mentioned in [16], in general for an element 
x of a group G, Cyc G (x) is not a subgroup of G. For example, in the 
group H = Z 2 © Z4, we have 

CW(0, 2)) = {(0, 0), (0, 1), (0, 2), (0, 3), (1, 1), (1, 3)} 

which is not a subgroup of H (See also Theorem 15. 4[ below). One can 
associate a graph to a group in many different ways (see for example 
[H [21 El [131 122]). The main idea is to study the structure of the 
group by the graph theoretical properties of the associated graph. Here 
we consider the following way to associate a graph with a non locally 
cyclic group. 

Let G be a non locally cyclic group. We associate a graph T G to G 
(called the non-cyclic graph of G) with vertex set V(Y G ) = G\Cyc(G) 
and edge set 

E(T G ) = {{x,y} C V(T G )\(x,y) is not cyclic}. 

Note that the degree of a vertex x G V(T G ) in the non-cyclic graph T G 
is equal to \G\Cyc G (x)\. We refer the reader to |6J for undefined graph 
theoretical concepts and to [18J for group theoretical ones. 

The outline of this paper is as follows. In Section 2, we give some 
results on the cyclicizers which will be used in the sequel. In Section 3, 
we prove some general properties which hold for the non-cyclic graph 
of a group, e.g., the non-cyclic graph of any non locally cyclic group is 
always connected and its diameter is less than or equal to 3. In Sec- 
tion 4, we characterize groups whose non-cyclic graphs have no infinite 
clique. In fact we prove that such groups have finite clique numbers 
and in contrast there are groups G whose non-cyclic graphs have no 
infinite independent set and their independence numbers are not yet 
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finite. In Section 5, we characterize finite non-cyclic groups whose non- 
cyclic graphs are regular. In Section 6, we characterize finite non-cyclic 
abelian groups whose non-cyclic graphs have exactly two kind degrees. 
Section 7 contains some results on groups whose non-cyclic graphs are 
isomorphic. We give some groups G with the property that if Y G = Yh 
for some group H, then \G\ = \H\. In Section 8 we give some groups 
G whose non-cyclic graphs are "unique" , that is, if Tq = Yh for some 
group H, then G = H. It will be seen that there are (many) groups 
whose non-cyclic graphs are not unique. 

2. Some properties of cyclicizers 

For a group G and two non-empty subsets X and Y of G, we denote 
by Cycx(Y) the set {x G X \ (x, y) is cyclic for all y G Y}. 

Lemma 2.1. Let G be a group, x G G, and D = Cycc{x). Then 

(1) D is the union of co sets of Cyc(G) . In particular, if \D\ < oo, 
then \Cyc(G)\ < oo and divides \D\. 

(2) Cyc£>(D) is a locally cyclic subgroup of G containing x. 

Proof. (1) First note that the union of a chain of locally cyclic sub- 
groups is a locally cyclic subgroup. Thus, every element is contained in 
at least one maximal locally cyclic subgroup. Now it is easy to see that 
D is the union of the maximal locally cyclic subgroups of G which con- 
tain x. As each maximal locally cyclic subgroup must contain Cyc(G), 
each of these subgroups is a union of cosets of Cyc{G). Thus, so is 
Cyc G (x). 

(2) It is clear that x G Cycp^D). Let a, b G Cyco{D) and suppose 
that d G D. Now (b,d) = (c) for some c G G. As (c,x) < (b,d,x) is 
cyclic, ((d,x) is cyclic and contains x so its generator must belong to 
D) it follows that c G D. 

Now (ab~ l ,d) < (a,b,d) = (a,c) is cyclic. As x G D, ab^ 1 G D. It 
follows that ab' 1 G Cyc D (D). It follows that Cyc D (D) < G. Now 
let {d\, . . . , d n } C CycD^D). Then (x,di) = (ai) for some a± G G. 
Since x G (ai), cl\ G D. Thus (ai,^) = (02) for some 02 G D. If 
we argue in this manner, then we find an element a n G D such that 
(di, . . . , d n ) < (a n ). This implies that Cyco(D) is locally cyclic. □ 

Proposition 2.2. (See [15J) Let G be a finite p-group for some prime 
p. Then Cyc{G) ^ 1 if and only if G is either a cyclic group or a 
generalized quaternion group. 

Proof. Let x be an element of order p in Cyc(G). If A is a subgroup of 
order p of G, then A = (a) for some a G A. Thus if = (a, x) must be a 
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cyclic p-group and so H has exactly one subgroup of order p. Therefore 
A = (x). It follows that G has exactly one subgroup of order p. Now 
[T8l Theorem 5.3.6] completes the proof. □ 



Lemma 2.3. Let G be any group, x E G, G = Cy ^ G ^ and G = ^^y- 
Then 



(1) Cyca(xCyc(G)) C ' !,( ' ftU) 



_ Cyc(G) ' 

(2) (See pj) Cyc{G) = 1. 

(3) (See pj) Cyc(G) = 1. 

(4) If G is neither torsion nor torsion-free, then Cyc(G) = 1. 

(5) If G is a torsion-free group such that Cyc(G) is non-trivial, 
then Cyc(G) = Z(G). Moreover, if Z(G) is divisible, then G is 
locally cyclic. 

Proof. (1) Let y E G be such that yCyc(G) E Cyc-Q(xCyc(G)) . Then 

(y,x) Cyc(G) 
Cyc{G) 

is cyclic. Thus there exists an element z G (y, x) and two elements a\ 
and a2 in Cyc(G) such that x = za\ and y = za2. Now since 

(x,y) = (za 1 ,za 2 ) < (z,a 1 ,a 2 ) 

and (z,ai,a 2 ) is cyclic, y G Cycc(x), as required. 

(2) It follows from (1). 

(3) It is straightforward. 

(4) By hypothesis, G has an element x of infinite order and a non- 
trivial element y of finite order. If Cyc(G) contains a non-trivial ele- 
ment c of finite order, then (c, x) must be cyclic, a contradiction; and 
if Cyc(G) contains an element d of infinite order, then (y, d) must be 
cyclic, a contradiction. Hence Cyc(G) = 1. 

(5) Suppose, for a contradiction, that there exists a central element 
x which is not in Cyc(G). Then there exists y G G such that (x,y) 
is a non-cyclic abelian group. If a is a non-trivial element of Cyc(G), 
then H — (a,x,y) = A = 7L®7L. Since Cyc A ((l,0)) = ((1,0)) and 
C2/ca((0,1)) = ((0,1)), Cyc(A) = 1. It follows that Cyc(H) = 1, 
which is a contradiction, since a G Cyc(H). This proves that Cyc(G) = 
Z(G). Now suppose that Z[G) is divisible and let y be any element 
of G. If a is a non-trivial element of Cyc(G), then (a,y) is cyclic, so 
y n ^ (a) < Z(G) for some non-zero integer n. It follows that y n = z n , 
for some z G Z(G), since Z(G) is divisible. Hence (yz~ l ) n = 1, and so 
y G Z(G). Thus G = Z(G) = Cyc(G), as required. □ 
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We end this section with the following question. 

Question 2.4. Let G be a torsion free group such that Cyc(G) is non- 
trivial. Is it true that G is locally cyclic? 

3. Some properties of non-cyclic graph 

For a simple graph T, we denote by diam(r) the diameter of T. 

Proposition 3.1. LetG be a non locally cyclic group. Then diam(T G ) — 
1 {or equivalently T G is complete) if and only if G is an elementary 
abelian 2-group. 

Proof. Suppose that diam(T G ) = 1. If x ^ x" 1 , for some x G G\Cyc(G), 
then since (x, x _1 ) is obviously cyclic, x is not incident to x _1 , a con- 
tradiction. Hence x 2 = 1 for all x G G\Cyc(G). If z G Cyc(G), then 
xz G G\Cyc(G) for every x G G\Cyc{G). Thus (xz) 2 = 1 and since 
z G Cyc(G) < Z(G), x 2 z 2 = 1 from which it follows that z 2 = 1, since 
x 2 = 1. Hence x 2 = 1 for all x G G and so G is an elementary abelian 
2-group. 

The converse is clear. □ 

Proposition 3.2. Let G be a non locally cyclic group. Then T G is 
connected and diam(T G ) < 3. Moreover, if Z(G) = Cyc{G), then 
diam(T G ) = 2. 

Proof. Suppose that x and y are two vertices of T G such that there 
is no path of length at least 2 between them. It follows that G = 
Cyc G (x) U Cyc G (y). 

If Z(G) = Cyc(G), then x and y are non-central elements of G and 

G = Cyc G (x) U Cyc G (y) C C G {x) U C G (y). 

It follows that either G = C G (x) or G = C G (y), which gives a contradic- 
tion, since x and y are not central elements. Now since Z(G) = Cyc(G), 
G is not elementary abelian, so diam(rc) = 2, by Proposition 13.11 
Now consider the general case. We prove that for all 

h G Cyc G (x)\Cyc G (y) and for all t 2 G Cyc G (y)\Cyc G (x), 

t\ and t 2 are adjacent. Suppose, for a contradiction, that (ti,t 2 ) is 
cyclic for some t± and t 2 in Cyc G (x)\Cyc G (y) and Cyc G (y)\Cyc G (x), 
respectively. Thus (ti,t 2 ) = (t) for some t e G and so t G Cyc G (x) 
or t G Cyc G (y). If t G Cyc G (x), then (t,x) = (ti,t 2 ,x) is cyclic, so 
(t 2 ,x) is cyclic, a contradiction. Similarly the case t G Cyc G (y) gives 
a contradiction. Hence x — t 2 ~ t\ — V is a path of length 3 between 
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x and y for all ti and t 2 in Cyc G (x)\Cyc G (y) and Cyc G (y)\Cyc G (x), 
respectively. This completes the proof. □ 

Remark 3.3. (1) Suppose that G = Dr peT G p is a group which is 
the direct product of p-groups G p , where T is a set of prime 
numbers. Then Cyc{G) = (Cyc(G p ) | p G T). 
(2) Let G be a torsion abelian group. Then Cyc(G) is the subgroup 
of G generated by cyclic or quasicyclic primary components of 
G. 

Lemma 3.4. Let G be a finite non-cyclic nilpotent group. Then 
diam(T G ) < 2. 

Proof. Let x, y G V(T G ) and x ^ y. Suppose that pi, . . . ,p k are the 
prime divisors of \G\ and Gi is the Sylow pj-subgroup of G. Suppose 
that x = x\ ■ ■ ■ Xk and y = yi - ■ ■ yk, where Xi, yi G Gi for every i G 
{1, ...,&}. Suppose that x is not incident to y. Since x and y are 
not in Cyc(G), Remark 13.31 implies that there exist i,j G {l,...,k} 
such that Xi G" CyciGi) and yj G" Cyc(Gj). Thus there exist elements 
Zi G Gj and Zj G such that Xj and j/j are incident to Zi and Zj-, 
respectively. If i ^ j, then since (x,ZiZj) = (xi, . . . , Xk, z iy Zj) and 
(y,ZiZj) = (yi, . . . ,y k , Zi, Zj), we have that Z{Zj is incident to both x 
and y. Now assume that z = j, so (xi,yj) = (xi,yi) = (a) for some 
a G Gj, since x and y are not adjacent. If Cyc{Gi) = 1, then let z be an 
element of order pi in (a). Then (z) < (x^ fl (yi). Since CyciGi) = 1, 
there exists an element 6 G Gj such that z is incident to 6. Now since 
(b, z) < (b, x) fl (b, y), b is incident to both x and y. So x — b — y is a 
path of length 2, as required. Now assume that Cyc{Gi) ^ 1. Since Gi 
is a finite p«-group, by Proposition ^. 21 Gi is either cyclic or generalized 
quaternion. The former case is false, since Xi G" Cyc(Gi); and so Gi 
is a generalized quaternion group. Thus Cyc{Gi) = Z{Gi) and so by 
Proposition I3.2[ there exists an element z G Gi which is adjacent to 
both Xi and y^. It follows that z is incident to both x and y and so 
x — z — y is a path of length 2 between x and y, as required. Hence we 
have proved that the distance between any two vertices of T G is 1 or 
2, which completes the proof. □ 

Proposition 3.5. Let G be a group which is neither torsion nor torsion- 
free. Then diam{T G ) = 2. 

Proof. In view of Proposition ^. 1[ it is enough to show that diam(rc) < 
2. By hypothesis G has an element x of infinite order and a non-trivial 
element y of finite order. Let a and b be two non-trivial elements of G. 
If a is of finite order and b is of infinite order or vice versa, then a is 
adjacent to b. If a and b are both of finite orders, then a — x — b is a 
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path of length two between a and b and if a and b are both of infinite 
order, then a — y — b is a desired path. This completes the proof. □ 

Lemma 3.6. If G = Z © 7L, then diamfio) = 2 and Cyc(G) = 1. 

Proof. It follows from Lemma 12. 31 (5) that Cyc(G) = 1. To prove 
diam(rc) = 2 suppose that x and y are two arbitrary distinct non- 
trivial elements of G. We prove that there exists a path of length 2 
between x and y, if x is not incident to y. Thus x = ta and y = sa 
for some a = (ai, 02) G G and for non-zero integers t and s. If ai = 0, 
then x — (1, 0) — y is a path of length two in T G , and if a 2 = 0, then 
x — (0, 1) — y is such a path, so we may assume that a x and a 2 are 
non-zero. In this case, it is easy to see that x — (tat, 302) — y is a path 
of length two in Tq between x and y. Now Proposition 13.11 completes 
the proof. □ 

Proposition 3.7. Let G be a torsion-free non locally cyclic group. 
Then diamine) = 2. 

Proof. Let x and y be two distinct vertices of To- Suppose that x and y 
are not incident and suppose, for a contradiction, that there is no path 
of length 2 between x and y. It follows that G = Cyca{x) U Cycc{y) 
and so G = Cg(x) U Cciy)- This implies that either x G Z(G) or 
?/ G Z(G). Assume that x G ^(G). Since a; is a vertex, there exists a 
vertex z incident to x. If z is incident to y, then a; — z — y is a path of 
length 2. Thus we may assume that z is not incident to y. It follows 
that H = (x,z,y) = Z © Z. Then, Lemma 13.61 implies that a; and 
are vertices of Th and there exists a path of length 2 between x and y. 
Now Proposition 13.11 completes the proof. □ 

Proposition 3.8. Let G be a non locally cyclic group. If G is locally 
nilpotent, then diamine) — 2. 

Proof. Let x and y be two distinct vertices of Tg- Then there exist two 
vertices c\ and c 2 in Yq such that x and y are incident to c\ and c 2 , 
respectively. Let H := (x,y,ci,c 2 ). Then is a non-cyclic nilpotent 
group. Since x and y are also two vertices in T H , it is enough to show 
that there is a path of length 2 in Th between x and y. If iif is neither 
torsion nor torsion- free, then the proof follows from Proposition 13. 51 So 
we may assume that H is either torsion-free or torsion. If H is torsion- 
free, then Proposition 13.71 completes the proof. If H is torsion, since 
if is a finitely generated nilpotent group, H is finite. Now Lemma [3T4l 
completes the proof. □ 

Proposition 3.9. Let S3 be the symmetric group of degree 3 and G = 
Z 6 x S 3 . Then diam(T G ) = 3. 
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Proof. It is easy to see that the shortest path between the elements 
(3, e) and (2, e) is of length 3, where e is the identity element of S3. 
Hence the proof follows from Proposition 13.21 □ 

We finish this section with the following questions. 

Question 3.10. Is it possible to characterize all finite groups G having 
the property that diam^c) = 3? 

In view of Propositions 13.21 and 13.81 the finite groups mentioned in 
Question 13.101 must be non-nilpotent with non-trivial center. 

Question 3.11. What can be said about a finite non-cyclic group G 
whose cyclic graph namely, the complement of To is connected? 

4. Groups whose non-cyclic graphs have no infinite clique 

A subset X of the vertices of a simple graph T is called a clique if 
the induced subgraph on X is a complete graph. The maximum size 
of a clique (if exists) in a graph T is called the clique number of T and 
is denoted by w(T). 

Let G be a non-abelian group and Z(G) be the center of G. One can 
associate a graph Vg with G (called the non-commuting graph of G), 
whose vertex set is G\Z{G) and two distinct vertices are joined if they 
do not commute. Note that if G is non-abelian, Vg is a subgraph of Tq- 
This graph has been studied by many people (see e.g. [TJ [131, [HI [T7]). 
Paul Erdos, who was the first to consider the non-commuting graph of 
a group, posed the following problem in 1975 [14]: Let G be a group 
whose non-commuting graph Vg has no infinite clique. Is it true that 
the clique number of Vg is finite? B. H. Neumman [13] answered 
positively Erdos' question as follows. 

Theorem 4.1. (B. H. Neumman [T4]) The non-commuting graph of a 
group G has no infinite clique if and only if G/Z{G) is finite. In this 
case, the clique number o/Vg is finite. 

Using Neumman's theorem we prove the following similar result for 
the non-cyclic graph. 

Theorem 4.2. The non-cyclic graph of a group G has no infinite clique 
if and only if G /Cyc{G) is finite. In this case, uj(Tg) is finite. 

To prove this theorem we need the following lemmas. 
For any prime number p, we denote by Z p oo the p-primary component 
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Lemma 4.3. Let G be a group whose non-cyclic graph has no infinite 
clique. Then G does not contain a subgroup isomorphic to Z © Z p for 
any prime number p, Z©Z, or an infinite torsion abelian group B with 
Cyc(B) = 1. 

Proof. It is enough to show that the non-cyclic graph of each of these 
abelian groups contains an infinite clique. It is easy to see that 

{(p n , 1) | n G M} and {(n, 1) | n G M} 

are infinite cliques in Z © Z p and Z © Z, respectively. 
For the last part first note that G cannot contain a subgroup isomorphic 
to Zpoo ©Z p for any prime number p, since {(l/p n + Z, 1) | n G N} is an 
infinite clique in Z p oo © Z p . Now suppose, for a contradiction, that G 
contains an infinite torsion abelian subgroup B such that Cyc(B) = 1. 
By the previous part and Remark 13.3} we have that Cyc{C) = 1 for 
every primary component C of B. First assume that B has infinitely 
many non-trivial primary components. Then for every i G N there 
exist elements ai and b{ in the same primary component of B such 
that (ai,bi) is not cyclic and for any two distinct i,j G N, {cij,5j} and 
{cij,bj} lay in distinct primary components of B. Now define X\ := a\ 
and Xi := &! + ••• + + a« for all i > 1. Then it is easy to see 
that {x n | n G N} is an infinite clique in B, a contradiction. Thus 
we may assume that B contains an infinite abelian p-subgroup A for 
some prime p. It follows from [TSJ Theorem 4.3.11] that A contains a 
subgroup isomorphic to a direct sum of an infinite family {Ai \ i G N} of 
non-trivial cyclic p-groups. If is a generator of Ai, then {ai \ i G M} is 
an infinite clique in Tq, a contradiction. This completes the proof. □ 

Lemma 4.4. Let G be a group whose non-cyclic graph has no infinite 
clique. Then every abelian subgroup of G is either torsion-free locally 
cyclic, or isomorphic to a direct sum (© peri Z p oo) (© peT - 2 Z p a P ) B , 
where 7\ and T 2 are two {possibly empty) disjoint sets of prime num- 
bers, a p > integers, and B is a finite abelian (Ti U T 2 )' -group with 
Cyc(B) = 1. 

Proof. Let A be an abelian subgroup of G. By Lemma [4.31 A is either 
torsion-free or torsion. If A is torsion-free, then, since by Lemma 14.31 
it contains no subgroup isomorphic to Z © Z, A must be locally cyclic. 
Now assume that A is torsion. Then it follows easily from [181 Theorem 
4.3.11] and Lemma [4.31 that A is of the form stated in the lemma. □ 

Proof of Theorem 14.21 If G is not abelian, then Vg is a subgraph 
of Tq. So Vg does not contain any infinite clique. Thus by Theorem 
14.11 G/Z(G) is finite. Therefore, in any case (G is abelian or not), we 
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have that G/Z(G) is finite. By Lemma [4.41 Z{G) is either torsion-free 
locally cyclic or torsion. Suppose that Z(G) is a non-trivial torsion-free 
locally cyclic group. Then for every x G G\Z(G), (x, Z{G)) is abelian 
and since it is not torsion, it follows from Lemma T4.4I that (x, Z(G)) is 
a torsion-free locally cyclic group. Hence, in this case, Z{G) = Cyc(G) 
and so G/Cyc(G) is finite, as required. 

Now assume that Z(G) is an infinite torsion group. Since G/Z(G) is 
finite, it follows that G is a locally finite group. Thus there exists a 
finite subgroup H of G such that G = Z(G)H. By Lemma [4.41 there 
exists subgroups Z 1; Z 2 and B of Z(G) such that Z(G) = Z 1 (B Z 2 @ B, 
where 

Z\ = ©pgTi^ip 00 , Z 2 — © pe T 2 ^p a P ) 

T\ and T 2 are two (possibly empty) disjoint sets of prime numbers, a p > 
integers, and B is a finite abelian (T% U T 2 )'-group with Cyc(B) = 1. 
Thus BH is a finite subgroup of G and so it is a 7r-group for some finite 
set of primes 7T. Let Z be the (T 2 \7r)-component of Z 2 . We prove that 
Zi (B Z < Cyc(G) from which it follows that G/Cyc(G) is finite and 
this completes the proof of the "only if" part. Let x be an arbitrary 
element of G. Then (x, Z\) is an abelian group. Since Z\ is divisible, 
(Zi,x) = Z\ © (y) for some y G £?. Now Lemma 14.41 implies that y 
must be a T^-element, which implies that (Z\, x) is locally cyclic. Thus 
Z\ < Cyc(G). Now let x G and g £ G. Then g = zizz'bh for 
some elements z\ E Zx, b & B, h £ H, z £ Zq and z ; is a (T 2 fl 7r)- 
element of Z 2 . Then (g,x) is cyclic if and only if (zz'bh,x) is cyclic, 
since z\ G Cyc(G). On the other hand is a 7r-element and x, z 
are 7r'-elements that generate a cyclic group. It follows that (zz'bh, x) 
is cyclic. Therefore Z < Cyc{G) and this completes the proof as we 
mentioned. 

For the converse, let C be a subset of G with |C| > |G : Cyc(G r )|. 
By pigeon-hole principal there exists two distinct elements x,y G C 
which are in the same coset aCyc(G), for some a G G. Thus x = ac\ 
and y = ac 2 for some ci,c 2 G Cyc{G). Since < (a,ci,c 2 ) 

and this latter subgroup is cyclic, (x, ?/) is cyclic. This means that 
u(T G )<\G:Cyc(G)\. □ 

A subset X of the vertices of a simple graph V is called an independent 
set if the induced subgraph on X has no edges. The maximum size of 
an independent set (if exists) in a graph V is called the independence 
number of V and denoted by a(T). Note that a(r) = ui(T c ), where T c 
is the complement of T. So the following question may be posed as 
dual of Theorem 14.21 
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Question 4.5. Let G be a group whose non-cyclic graph has no infinite 
independent set. Is it true that a(T G ) is finite? 

The answer of this question is negative, since for any prime p, the 
non-cyclic graph of the direct sum @ ieN Zy has no infinite independent 
set and its independence number is not finite. More generally we have 

Proposition 4.6. Let G be a non locally cyclic group. 

(1) The non-cyclic graph of G has no infinite independent set if and 
only if every abelian subgroup of G is a reduced torsion abelian 
group with finitely many primary components. 

(2) The independence number of G is finite if and only if the ex- 
ponent of G is finite. In this case, a(Tc) = max{|:r| : x G 
G}-\Cyc(G)\. 

Proof. (1) Suppose that Tq has no infinite independent set. Then 
since G cannot have any infinite locally cyclic subgroup, it follows that 
every abelian subgroup of G is a reduced torsion abelian group with 
finitely many primary components. Now assume that every abelian 
subgroup of G is a reduced torsion abelian group with finitely many 
primary components and suppose, for a contradiction, that G has an 
infinite independent set X. Then B = (X), is an infinite torsion re- 
duced abelian group with finitely many primary components. Since 
B has finitely many primary components, we may assume that el- 
ements of X lay in a p-primary component of B, for some prime 
p. Then B is a locally cyclic p-group, for if yi,...,y n G B, then 
(yi, . . . , y n ) = (xi, . . . , x m ) for some xi, . . . , x m G X and since X is an 
independent set of p-elements, (xi,Xj) = (xi) or (xj). It follows that 
(yi, . . . , y n ) = (xi) for some £ G {1, . . . , to}. Since X is infinite, B is 
an infinite locally cyclic p-group, and so B is divisible, a contradiction. 
This completes the proof of part (1). 

(2) If a (re) is finite, then the exponent of G will be finite and less 
than or equal to a(Ta). Now suppose that the exponent of G is finite, 
e say. Let X be an independent set of G. Then A = (X) is an abelian 
group of exponent at most e. Now it is easy to see that X lies in a 
cyclic subgroup of A, so \X\ < e. This means that a(To) < e. The 
second part follows easily. □ 

A coloring partition for a simple graph T is a partition of vertices 
of T whose members are independent sets of T. For a positive integer 
k, we say that a graph T is k-colorable if it has a coloring partition 
with k members. The least positive integer k (if exists) such that T is 
/c-colorable, is called the chromatic number of T and we denote it by 
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x(r). It is clear that u(T) < x(T), for any finite graph T. we prove 
that indeed for our non-cyclic graphs we always have "the equality". 

Theorem 4.7. Let G be a finite non-cyclic group. Then u(Tg) = 
x{^g) — S) where s is the number of maximal cyclic subgroups of G. 
Moreover |^§g) I < max{(s - l) 2 (s - 3)!, (s - 2) 3 (s - 3)!}. 

Proof. Let Ai, . . . ,A S be all maximal cyclic subgroups of G and let 
Ai = (ai) for i G {1, ...,s}. Since (a^af) is not cyclic for distinct 
i and j, {oi,...,a s } is a clique in Fq- Thus s < u(Tg)- On the 
other hand, since every element of G is contained in Ai for some i, 
we have that G = Uf =1 v4j. If Ai\Cyc{G) is not empty, then it is 
an independent set for r G , so it follows that x(Fg) < s an d as we 
mentioned u(T G ) < x(F G ). This completes the proof of the first part. 
We have that G = Uf =1 Aj is an irredundant covering for G (see [21] 
for definitions) and Hf =1 Aj is clearly contained in Cyc{G). Thus by 
the main theorem of [21], we have | q^q) I — max {( s — i ) 2 ( s — 3)!, (s — 
2) 3 (s-3)!}. " □ 

5. Finite groups with regular non-cyclic graphs 

In this section we prove the following. 

Theorem 5.1. Let G be a non-cyclic finite group. Then the non- 
cyclic graph of G is regular if and only if G is isomorphic to one of the 
following groups: 

(1) Qs x Z n; where n is an odd integer and Q 8 is the quaternion 
group of order 8 . 

(2) P x Z m , where P is a finite non-cyclic group of prime exponent 
p and m > is an integer such that gcd(m,p) = 1. 

Throughout this section let G be a finite non-cyclic group whose 
non-cyclic graph is regular. Thus \G\ — \Cyca(x)\ = \G\ — \Cyca(y)\ 
for all x, y G G\Cyc(G), and so \Cycc(x)\ = \Cyca(y)\ for all x, y G 
G\Cyc(G). Note that, by Lemma 12.31 the non-cyclic graph of H = 
G 

— — — — is also regular and Cyc(H) = 1. Therefore we have \CycH(x)\ = 
Cyc{G) 

\Cycu{y)\ for any two non-trivial elements x, y of H. 

Lemma 5.2. For any two non-trivial elements x, y G H, either CycH{x)r\ 
Cycn(y) = 1 or Cycn{x) = Cycn(y) and Cycn(x) is a subgroup of H . 

Proof. First note that if (m) is a maximal cyclic subgroup of H such 
that x G (m), then Cycnirn) = (m) and Cycn(x) contains (m). Since 
all the cyclicizers of non-trivial elements have the same size, it follows 
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that Cycn(x) = (m). Thus, for all 1 7^ x G H, Cycn(x) is the unique 
maximal cyclic subgroup which contains x. 

Therefore, if 1 7^ z G Cycuix) ^Cycn(y), then z belongs to the unique 
maximal cyclic subgroup containing x and to the unique maximal cyclic 
subgroup containing y. Since z is contained in a unique maximal cyclic 
subgroup, it follows that Cycuix) = Cycn(y)- □ 

In the proof of Theorem 15.11 we use the following result due to I.M. 
Isaacs [9] on equally partitioned groups. 

Theorem 5.3. (see I.M. Isaacs [S]) Let A be a finite non-trivial group 
and let n > 1 be an integer such that {Ai \ i = 1, . . . , n} is a set of 
subgroups of A with the property that A = U" =1 Aj, \Ai\ = \Aj\ and 
Ai R Aj = 1 for any two distinct i,j. Then A is a group of prime 
exponent. 

Proof of Theorem l5.ll Since H = Lbemm Cycn(x), it follows from 
Lemma IST21 and Theorem 1 5 . 3 1 1 hat H is a finite group of exponent p for 
some prime p. Assume that Cyc(G) = (x) x (y), where x is a p'-element 
and y is a p-element. Since Cyc{G) < Z{G) and if is a p-group, G 
is nilpotent and G = P x (x), where P is the Sylow p-subgroup of G. 
Note that y G Cyc(P). If y — 1, then P is a p-group of exponent p and 
if y 7^ 1, then P contains exactly one subgroup of order p. Thus P is 
a generalized quaternion group or a cyclic group, by Proposition 12.21 
But if P is a generalized quaternion group of order greater than 8, then 
the exponent of H is greater than 2 which is not possible. Thus P must 
be isomorphic to Q$, the quaternion group of order 8. This completes 
the proof of the "only if" part. The converse is straightforward. □ 

Let K be a group. There are cases in which Cycx(x) is a subgroup of 
K for every x G K; following |15j . call such groups tidy. For example, 
if K is a group such that every non-identity element of K is of prime 
order then K is a tidy group. The next result shows that Theorem 
15.11 cannot be improved in the following sense: If K is a finite non- 
cyclic group whose non-cyclic graph has two kind degrees, then K is 
not necessarily a tidy group, where for a given positive integer k, we say 
that a simple graph has k kind degrees if the size of the set of degrees of 
vertices is k. Note that a regular graph is a graph of one kind degree. 

Theorem 5.4. Let p be a prime number, m > 1 and n > 1 be positive 
integers. Let G = @™ =1 Z p m. Then Cyc{G) = ((0, 0, . . . , 0)) and if 
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x G G such that \x\ = p e with 1 < £ < m, then 

m 

\Cyc G (x)\ = / + (?' ~ p 1 ' 1 )^- 1 ^-^, (*) 
i=e+i 

and \Cyca{y)\ = p m for every element y of order p m . It follows that 
Tq is a graph having m kind degrees and G is not a tidy group. 

Proof. Note that if \y\ = p m , then Cyca(y) = (y), since \y\ is equal 
to the exponent of G. Now suppose that x' is another element of G 
of order p e , we first prove that \Cycc(x)\ = \CycG(x')\ and next, it is 
enough to prove that \CycG((p m ~ e , 0, . . . , 0)) | is the number of the right 
hand side of (*). There exist elements z\ and z[ in G of order p m such 
that p m ~ e zi = x and p m ~ e z[ = x' (we write G additively). On the other 
hand, there exist elements Z2, ■ ■ ■ , z n and z' 2 , . . . , z' n in G such that the 
sets {zi, Z2, ■ ■ ■ , z n } and {z[, z' 2 , ■ ■ ■ , z' n } are both linearly independent in 
the sense of [TBI PP- 95-96], and G = (zx, z 2 , . . . , z n ) = (z[, z' 2 , . . . , z' n ). 
Now define a : G — > G by 

n n 

a ( mjZi) — rnjz'j for all m.j G {0, 1, . . . ,p m — 1}. 

t=l i=l 

It is easy to see that a is an automorphism of G with the property 
that a(x) = x' . Thus a : Cycc(x) — > Cycc^x') is a bijection and so 
|Cyc G (x)| = |Cyc G «)|. Now if 

(a 1? a 2 , . . . , a n ) G Cyc G ((p m ^, 0, . . . , 0))\ <(p m - £ , 0, . . . , 0)> , 

then ( (ai, a 2 , . . . , a n ), (p m ~ e , 0, . . . , 0)) is cyclic. It follows that (a 1; a 2 , . . . , 
is of order p % for some z > i and so 

(p m - £ ,0,...,0)=p i - £ t(a 1 ,a 2 ,...,a„) 

for some t G {0,1,..., p m — 1} such that gcd(t,p) = 1. Therefore 
p l ~ l ta\ = p m - £ andp^HcLj = for each 1 < j < n. Since gcd(i,p) = 1, 

pin 

we have p l ~ e aj = 0, so 

a,- G {0,p <-/ , 2^" £ , . . . , (p m - i+i - l)p l ~ e } for each j > 1. 

Now let ai = where gcd(p, s) = 1 and ai G {0,1,..., p m — 1}. 

Thus p l ~ e+k st = p m_£ from which it follows that k = m — i, since 
gcd(st,p) = 1. Hence 

ai G {p m_i s | s G {1, . . . jp 1 — 1} and gcd(s,p) = l}. 
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Therefore 

\Cyc G {(p m -\ 0, . . . , 0)) | = | <(p m " £ , 0, . . . , 0)> | + \{{a ll a 2) ... 1 a n ) G G : 

\(a>i, a 2 , ■ ■ ■ , a n )\ = p l for some £ < i < m and 

(p m - e ,0,...,0)e((a 1 ,a 2 ,...,a n ))}\ 
in 

= p e + ^ (P i - p i_1 )j9 (n ~ 1)(m ~ i+ ^. 
i=l+l 

This completes the proof. □ 

6. Finite groups whose non-cyclic graphs have two kind 

degrees 

Throughout this section let G be a finite non-cyclic group whose 

G 



Cyc{G) ■ 



non-cyclic graph has two kind degrees and assume that H 
Then by Lemma [2.3[ has also two kind degrees. 

Theorem 6.1. If G is nilpotent, then H is a p-group for some prime 
p. 

Proof. Suppose, for a contradiction, that \H\ is divisible by at least 
two distinct prime numbers p\ and pi- Thus H = Pi x P 2 x P 3 , where 
P 3 is a Hall {pi,p 2 }'-subgroup of H. If x G Pi, then \CycH(x)\ = 
| Cycp i (x) | Hj^i | Pj | • Note that since Cyc(H) = 1 and 

Cyc(H) = Cyc(P 1 ) x Cyc(P 2 ) x Cyc(P 3 ), 

Cyc(Pi) = 1 for every i £ {1,2, 3}. It follows that 

\Cyc H (x 1 )\,\Cyc H (x 2 )\ and |CycH(x 3 )| 

are all distinct for every Xi G Pi\{l}. This implies that Th has at least 
3 kind degrees, if P3 7^ 1. Therefore P3 = 1. Now take Xi G Pi such 
that = exp(Pi) for z = 1,2. Then CycH(xiX 2 ) = (xix 2 ), because 
exp(H) = |xix 2 |. Since Cyc(Pi) = 1, we have that |P| > exp(Pi) 
for i = 1,2. Hence \CycH(xi)\, \CycH{x 2 )\ and \CycH(xix 2 )\ are all 
distinct. This contradiction completes the proof. □ 

Theorem 6.2. The group G is abelian if and only if G = Zi m ^ ( ©^=1 
Z p 2), where p is a prime number, n > 1 is an integer and m is a 
positive integer with gcd(m,p) = 1. 



Proof. By Theorem 16. 1[ H is an abelian p-group for some prime p. 
Thus H = M = © i=1 ( ©j=i Zp Q i) for some positive integers U, £ and 
«!<•••<«£. If we prove I = 1, then Theorem 15 . 41 implies that «i = 2, 
and since G is abelian, by Remark 13.31 we have that G = Cyc(G) © H . 
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Therefore it is enough to show that £ = 1. Suppose, for a contradiction, 
that £ > 1. Assume first £ > 2 and take X{ to be a generator of 
a direct summand for % = 1,2,3. Then Cycu{xi) = (xi) for 
i = 1,2,3. Since a,\ < a 2 < a 3 , we have |xi| < |x 2 | < \x 3 \, which gives 
a contradiction. Thus we may assume that £ = 2. Hence 

H = M=( ©*Li Vi ) ( ®%i %p<*2 ) • 

Now take Xj to be a generator of a direct summand "L p ai for i = 1,2. 
Then, since cti < a 2 , (x 2 ) U (xia; 2 ) C Cycu{x\ Since (x 2 ) D (xi£ 2 ) = 
/xf y, we have \Cycu{x V 2 1 )\ — ^P az ~ P ai - Hence \CycM{x\ 1 )|, 

IC^CmO^i)! and |C?/cm(^2)| are all distinct, a contradiction. There- 
fore I — 1. 

The converse follows from Theorem 15.4} Lemma 12.31 and Remark 13.31 

□ 

7. Groups with the same non-cyclic graph 

In this section the following question is of interest. What is the 
relation between two non locally cyclic groups G and H if = r#? 
More precisely one may propose the following question: 

Question 7.1. For which group property V if G and H are two non 

locally cyclic groups such that To — Th, and G has the group property 
V, then H has also V ? 

First we consider Question I7.1[ when V is the property of being 
finite. In this case Question 17. II has positive answer, as we see 

Proposition 7.2. LetG be a finite non-cyclic group such thatTc — 
for some group H . Then H is a finite non-cyclic group. Moreover 
\Cyc(H)\ divides 

gcd (\G\-\Cyc G (g)\,\G\- \Cyc(G)\ : g £ G\Cyc(G)). 

Proof. By the hypothesis \H\Cyc(H)\ = \G\ - \Cyc(G)\ ^ 0. As 
Cyc(H) < H and H\Cyc(H) is a finite set, we have that H is fi- 
nite and since H\Cyc(H) is non-empty, H is non-cyclic, as required. 
Since Y G = T H , we have 

{deg(v),\V(T G )\ : v e V(T G )} = {deg(w), \V(T H )\ : w G V(T H )}. 

But deg{w) = \H\ — \CycH(w)\ for every w G V(Th) and so it follows 
from Lemma 12.11 that \Cyc(H)\ divides deg(w) for every w G V{Th) 
and clearly \Cyc(H)\ divides \H\ — \Cyc(H)\ = |V(rH-)|- This completes 
the proof. □ 
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When V is the property of being nilpotent we have no negative an- 
swer to Question I7.lt however under an additional condition we give a 
positive answer. In fact we have 

Theorem 7.3. Let G be a finite non-cyclic nilpotent group. If H is 
a group such that \Cyc{G)\ = \Cyc(H)\ = 1 and T G = T H , then H is 
a finite nilpotent group. Furthermore, for every prime number p, if P 
and Q are Sylow p- subgroups of G and H, respectively, then Tp = Tq. 

Proof. First note that by Proposition 17.21 H is finite. Let p and q be 
two distinct prime divisors of \H\. It is enough to show that every p- 
element x of H commutes with every g-element y of H, or equivalently 
{x,y) is cyclic. Since for every prime divisor r of \H\, each r-element 
of H is contained in a cyclic r-subgroup of H which is maximal among 
cyclic r-subgroups of H, we may assume that (x) and (y) are maximal 
cyclic p-subgroup (g-subgroup, respectively) of H. Now let be a 
graph isomorphism from T H to r G and note that, since \Cyc(G)\ = 
\Cyc(H)\ = 1, we may consider as a bijection from H onto G, by 
defining 4>(1g) = 1#- Now if we show that <p(x) and <fi(y) are p-element 
and g-element in G, respectively, then as G is nilpotent, <f>(x) and 4>(y) 
are not adjacent, and so x and y are not adjacent, as required. So 
finally, by the symmetry between x and y, it is enough to show that 
(f)(x) is a p-element of G. 

First we show that, for any p-element of a of G, ip(a) is a p-element of 
H, where ip is the inverse of 0. Let D = Cyccia). Then as G is the 
direct product of its Sylow subgroups, 

k 

D = Cyc Pi (a)xY[P t , 

e=i 

where Pi is the Sylow p^-subgroup of G and p = p%- Now since 
Cyc{G) = 1, Cyc(Pc) = 1 for every i G {l,...,k}. It follows that 
Cycr>(D) = Cycc(C), where C = Cycp^a). Now Lemma [27T1 shows 
that Cycr>(D) is a cyclic p-subgroup of G. Since ip is a graph isomor- 
phism from T G to T H , we have that ip^CycjjiD)^ = CycD'(D'), where 
D' = Cyc H (ip(a)). Thus \Cycr>'{D')\ is a p-power number and so, by 
Lemma [2. 11 il){a) is a p-element of H. 

Now suppose that (f>(x) = Xix 2 ■ ■ -Xk, where x^ is a p^-element of G. 
Let M = CycG{4>{x)). Then M = Yli=i Cycp e (xi). Now we prove that 



Cyc Pi (xi) = (f>((x)). 



(*) 
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Let z G CycpJyXi)- Then (z,<j>(x)) is cyclic and so A = {if)(z),x) is 
cyclic. By the previous part ip(z) is a p-element and so A is a cyclic p- 
subgroup of H containing x. Now as (x) is a maximal cyclic p-subgroup 
of H, i]){z) G (x) and so z G </>( (x) ). On the other hand, by Lemma 
12.11 |x| divides 

|C^ (M) (V(M))| = |C</c M (M)| = niilCj/c^p^l, 

where Dg = Cycp e (xe) for every £ G {1, . . . , fc}. Now since |x| is a p- 
power number, Lemma [2.11 implies that |x| must divide \CycDi{Di)\ < 
Therefore |x| < {Cycp^Xi)] and also we have CycpJyXi) C 0( (x) ). 
Now since \<f>( (x) )| = |x|, we have proved (*). This implies that <p(x) G 
Cycp^Xi) C Pj and so </>(x) is a p-element. This completes the proof 
of the first part. 

By the proof of the first part, H and G are both finite nilpotent of the 
same size and 

\Cyc{P t )\ = \Cyc(Q e )\ = 1 and \P t \ = \Q t \, 

where Qe is the Sylow p^-subgroup of H. By the proof of the previous 
part we have that, ip(Pe) is the Sylow p^-subgroup of H, for we have 
proved that every p^-element of G maps under ip to a p^-element of H, 
and since H is now nilpotent, every p^-element of H maps under <p to a 
p^-element of G. Hence induces a graph isomorphism from Tp t to the 
non-cyclic graph of Qe, the Sylow p^-subgroup of H. This completes 
the proof. □ 

Now let us consider Question 17.11 when V is the property of being a 
fixed finite size, that is, in view of Proposition 17.21 we are asking the 
following question: 

Question 7.4. Let G and H be two non-cyclic finite groups such that 
T G ^ T H . Is it true that \G\ = \H\ ? 

We were unable to find a negative answer for Question 17.41 In the 
following we give certain groups G for which Question 17.41 has positive 
answer. First let us examine some cases in which we can use Theorem 
O 

Proposition 7.5. Let n > be an odd integer and let G be a group 
such that its non-cyclic graph is isomorphic to the non-cyclic graph of 
H = Q 8 x Z n . Then G = Q 8 x Z n . 

Proof. We have 



(I) 
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By hypothesis Tq is also regular and so by Theorem 15. 11 G is isomorphic 
to G\ = Qg x Z n / for some odd integer n' or G 2 = P x Z m , where P is 
a finite non-cyclic group of exponent p for some prime p and m > is 
an integer such that 

gcd(p, m) = 1. (II) 
If G = Gi, then |Gyc(G) | = 2n' and by (I) we have 8n-2n = 8n' - 2n' 
and so n = n', thus G = Qg x Z n . Now suppose, for a contradiction, 
that G = G2. Then |Gyc(G)| = m and |G?/cg(x)| = pm for all x £ 
G\Cyc(G). Therefore by (I) we have 

Qn = \P\m — m (1) 

and by the hypothesis there exists an element a £ H\Cyc(H) such 
that |Cyc H (a)| - |Gyc(F)| = |Gyc G (s)| - \Cyc(G)\. Therefore 

An — 2n = pm — m. (2) 

Now it follows from (1) and (2) that ^j^ 1 = 3. This yields that p = 
2, and then (2) implies that m is even which contradicts (II). This 
completes the proof. □ 

Proposition 7.6. Let p and q be two prime numbers and m and t be 
positive integers with gcd(p, m) = gcd(g, t) = 1. Suppose that G = 
PxZ„ and H = Q x where P and Q are finite non- cyclic groups 
of exponents p and q, respectively and \P\ = p m and \Q\ = q s for some 
integers m > 1 and s > 1 . Then Tq — T# if and only if 
p m - I q s -1 

= and nip — 1) = t(q — 1). (G) 

p — 1 q — 1 

Proof. It is easy to see that Tq (r#, respectively) is a complete ( p ~i )- 
partite graph ((^-f^-) -partite graph, respectively) whose parts have 
equal size (p — l)n ((g — l)t, respectively). These completes the proof. 

□ 

Proposition 7.7. Let G be a group. Then for a positive odd integer 
n and an integer m > 1, Yq — T/ \ if and only if G = 

(©^z 2 )ez n . 

Proof. Since the non-cyclic graph of ( ©™ 1 Z 2 ) Z n is regular, Tc is 
also regular. Now Theorem 15.11 and Proposition 17.51 imply that G = 
QxZ ( , where Q is a finite non-cyclic group of exponent q and of order 
q s , for some prime number q and integer s > 1, and t > is an integer 
such that gcd(g, t) = 1. Now Proposition 17.61 implies that 

2™ - 1 = iJll an d n = t(q- 1). 
9 - 1 
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Since n is odd, the equality n = t(q — 1) yields that q cannot be odd 
and so q = 2. Therefore n = t, p = q = 2 and m = s. Since the 
exponent of Q is 2 and \Q\ = 2 s = 2 m , Q is isomorphic to ©^ =1 Z 2 . This 
completes the proof of the "only if" part. 

The converse follows from Proposition 17.61 □ 

Proposition 7.8. Let G be a group. Then for a prime number p and 
an integer n > such that gcd(n,p) = 1, T G = Pz p ®z p ez„ if o,nd only 
if G = Zp © Zp © Z n . 

Proof Since the non-cyclic graph of Z p © Z p © Z n is regular, so is Tq- 
Now Theorem 15. II and Proposition 17. 51 imply that G = Q x Z f , where Q 
is a finite group of exponent q and of order q s , for some prime number 
q and integer s > 1, and t > is an integer such that gcd(g, t) = 1. 
Now Proposition 17.61 implies that 

p 2 -l _ q s -l (l) 
p-l q- 1 U 

and n(p — 1) = t(g — 1). From (1) it follows that p = q(q s ~ 2 + ■ ■ ■ + 
1) which gives p = q and s = 2, since p and g are prime numbers. 
Therefore n = t and this completes the proof of "only if" part. 
The converse follows from Proposition 17.61 □ 

Remark 7.9. It was conjectured by Goormaghtigh [7] that the Dio- 
phantine equation 

x — i = 2— ± (GO) 
x — 1 y — 1 

for x,y,m,n e N, x > y > 1 and n > m > 2 has only the solutions 
(x, y, m, n) = (5, 2, 3, 5) and (90, 2, 3, 13). This conjecture has not been 
solved so far. By Proposition 17. 6| Question 17.41 is true for finite groups 
with regular non-cyclic graphs, if the equation (G) which is a certain 
case of Goormaghtigh's conjecture has no solution. This shows that 
how "hard" it is to settle Question 17.41 for certain groups, such as 
elementary abelian groups. In the following we use a result of M. Le 
[TT] on this conjecture to prove another certain case of Question 17.41 

Theorem 7.10. (See M. Le pj], Theorem]) 

If (x, y, 3, n) ^ {(5, 2, 3, 5), (90, 2, 3, 13)} is a solution of the equation 
(GO) with m = 3, then we have gcd(x, y) > 1 and y\x. 

Proposition 7.11. Let G be a group. Then for a prime number p > 2 
and an integer n > such that gcd(n,p) = 1, T G = T Zp(BZp(BZp(BZn if 
and only if G = Z p © Z p © Z p © Z n or T x Z n , where T is the only 
non-abelian group of order p 3 and exponent p. 
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Proof. Note that is regular. Now Theorem 15.11 and Proposition 17.51 
imply that G = Q x Z*, where Q is a finite group of exponent q and of 
order q s , for some prime number q and integer s > 1, and t > is an 
integer such that gcd(g, £) = 1. It follows from Proposition 17.61 that 

P 3 ~ 1 = Q 8 ~ 1 m 
p-1 q- 1 U 

and n(p — 1) = t(g — 1). Now Theorem 17.101 implies that p = q and 
s = 3. Therefore n = t and Q is a finite group of exponent p and of 
order p 3 . This completes the proof of the "only if" part. 
The converse follows from Proposition 17.61 □ 

Remark 7.12. (1) Proposition 17.111 shows that Question 17.11 is not 
true for the group property of being abelian. 

(2) Proposition 17.111 shows that Question 17. II is not true for the group 
property of being isomorphic to a fixed group and by Proposition 17.61 
one can find further examples of non-isomorphic groups whose non- 
cyclic graphs are isomorphic. 

We end this section with the following proposition which may be 
considered as an starting point toward settling Question I7.4l for abelian 
p-groups with non-regular non-cyclic graphs. 

Proposition 7.13. Let p be a prime number and G be a finite non- 
cyclic p-group of order p n for some n > 3 and let H be a group such that 
r G = Th- Suppose that x is an element in G such that Cycc{x) = (x) . 

(1) If Cyc(G) 7^ 1, then both G and H are isomorphic to Q^, the 
generalized quaternion group of order 2". 

(2) // \x\ = p = 2, then \G\ = \H\. This is the case, if G has a 
direct factor of order 2. 

(3) // \x\ e {p n -\p n ~ 2 }, then \G\ = \H\. This is the case, if G 
is of exponent p 11 ^ 1 or p n ~ 2 , or G has a cyclic direct factor of 
order p n ~ 2 . 

Proof (1) By Proposition G = Q 2 «. Thus T H = T Q2n . We have 
2 n -2 = \H\-\Cyc{H)\, since \Cyc(Q 2 n)\ = 2. As the exponent of Q 2 ™ 
is 2 n ~ 1 , there exists an element a e Q 2 ™ such that D = CycQ 2 „(a) = 
(a). It follows that Cyco(D) = D. If : Tq 2 „ — > T H is a graph 
isomorphism, then 

\C\Cyc c {C)\ = \D\Cyc D (D)l 

where C = CycH{4>{a)). Hence it follows from Lemma [2.11 that there 
exists an element b G H\Cyc(H) such that Cycuip) is a cyclic sub- 
group of H and 2™ - 2"" 1 = \H\ - \Cyc H {b)\. Now Proposition O 
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implies that \Cyc(H)\ must divide gcd(2 n_1 ,2 n - 2) = 2. There- 
fore \Cyc{H)\ e {1,2}. If \Cyc{H)\ = 1, then |#| = 2 n - 1 and 
|Ctyc H (6)| = 2"- 1 - 1. Since Cyc H [b) < H, we have that 2 n ~ x - 1 
divides 2 n — 1, which is impossible, since n > 3. Thus |C|/c(if)| = 2 
and so \H\ = 2 n . Now Proposition 12.21 completes the proof of part (1). 

(2) By part (1), we may assume that Cyc(G) = 1. Then \H\ — 
\Cyc(H)\ = 2 n - 1 and \H\ - \Cyc H {h)\ = 2 n - 2 for some vertex in 
F H . Thus |Cyc(i?)| divides gcd(2™ - 1,2™ - 2) = 1 and so \H\ = \G\. 

(3) By part (1), we may assume that Cyc(G) = 1. If <fi : T G — > r# 
is a graph isomorphism, then 

I^ACyc^^)! = |D 2 \Cty CDa (£> 2 )|, 

where Z?i = Cycc(a), D 2 = CycH(4 ) ( a )) an d a is an Y vertex of Tg- 
Assume that \x\ = p % . It follows from Lemma [2.11 that there exists a 
vertex s in Yh such that Cycn(s) is a cyclic subgroup of H, 

\G\-\Cyc G (x)\ = \H\-\Cyc H (s)\ and |G|-|Cj/c(G9| = \H\-\Cyc(H)\. 

Therefore \H\-\Cyc{H)\ = p n -l, \H\-\Cyc H (s)\ = p n -p\ It follows 
that \Cyc(H)\ divides gcd(jo* — l,p n — 1) = p d — 1, where d = gcd(i, n). 
Thus there exists an integer £ such that 

p d -l = \Cyc(H)\L (*) 

Since = + 1, pgWr = ^ +3 and °y CH ^ is a sub - 

group of H, we have that ^s5y^ + 1 divides ^Eji + 1. It follows that 

+ 1 divides ^£ + 1 - 4^ - 1, so 44^ + 1 divides p ip -^L 
p a — l p a — i p a — l ' p a — l ^ p a — i 

Now since gcd (J^ + 1,£) = 1, we have + 1 divides p iE ^r- 

We must prove that Cyc(H) = 1 and so by (*), it is enough to prove 

I = p d - 1. 

If i — n — 1, then d — 1 and so we have that 2 — r-^ + 1 divides p n_1 . 
This implies that £ = p — 1, as required. 

If i = n - 2, then d G {1,2}. If d = 1, then ^^f^ + 1 divides 
p n ~ 2 (p +1). Now suppose, for a contradiction, that £ < p — 1. It 
follows that gcd if^^t + l,p) = 1. Therefore + 1 divides 

p + 1, which implies that n — 2 < 1, contrary to n > 3. Hence we have 
that £ = p — 1, as required. Now assume that d = 2. Therefore n is 
even and we have p 2 _7* l + 1 divides p n ~ 2 . Since p 2 < p 2 _7" L l + 1 and 



NON-CYCLIC GRAPH OF A GROUP 



23 



3 < n is even, we have that p 2 must divide p i_^ £ + 1 which implies 
that p 2 | £ + 1. Hence £ + 1 = p 2 , as required. 

□ 

8. Groups whose non-cyclic graphs are unique 

In this section we study Question 17. II for the group property of being 
isomorphic to a fixed group. As we mentioned in Remark 17.12( 2). 
in general, Question 17.11 is not true for this property. But we saw in 
Section [7] that there are groups G whose non-cyclic graphs are "unique" , 
that is, if Tq — for some group H, then G = H. Here we give some 
other groups whose non-cyclic graphs are unique. Before this, we need 
to state some notations. 

For any finite group G, we denote by 7r e (G) the set of orders of 
elements of G. There is a uniquely characterized subset fi(G) of n e (G) 
with the following properties: 

(1) For every element x of G, there exists t G such that \x\ 
divides t. 

(2) If t, s are two distinct elements of fi(G), then t does not divide 
s and vise versa. 

It is clear that 

7r e (G) = {s G N I s divides some member of fi(G)}. 

In fact /i(G) is the set of elements of ir e (G) which are maximal under 
the divisibility relation. 

Lemma 8.1. If G is a non- cyclic finite group, then 

H{G) H n e (Cyc(G)) = 0. 

Proof. Suppose, for a contradiction, that n G n{G) fl -n e {Cyc(G)). It 
follows that there exists an element g G Cyc(G) such that \g\ = n. 
Since G is not cyclic, there exists an element x G G\Cyc{G). Thus 
(x, g) = (y) for some y G G such that \y\ > n. Now by the definition of 
fi(G), there is m G such that \y\ divides m. Therefore n\m and 

since n, m G we have that n = m. Hence \y\ = n, a contradiction. 

This completes the proof. □ 

Lemma 8.2. Let g be an element of a finite group G such that \g\ G 
fi(G). Then Cyc G (g) = (g). 

Proof. Suppose, for a contradiction, that x G Cyca(g)\ (g). Then 

(g) £ (g,x) = (y) 
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for some y G G. It follows that \g\ < \y\. On the other hand, by the 
definition of the set fi(G), there exists s G fi(G) such that \y\ divides 
s. Therefore \g\ divides s, so \g\ = s. It follows that \g\ = \y\, a 
contradiction. This completes the proof. □ 

Theorem 8.3. Let G and H be two finite non-cyclic groups such that 
T G S F H . If \G\ = \H\, then n e (G) = ir e (H). 

Proof. Let t G Then by Lemma 18. 1\ there exists an element 

g G G\Cyc{G) such that \g\ = t, and by Lemma E2J Cycc(g) = (g). 
Since To — r#, there exists an element h G H\Cyc(H) such that 
Cycn{D) = D where D = Cycn{h). Now Lemma 12.11 implies that 
Cycii(h) is a cyclic subgroup. Also since To — T# and |G| = \H\, we 
have that \Cyca(g)\ = \CycH(h)\ from which it follows that H has an 
element of order t. Hence we have proved that fi(G) C ir e (H) which 
implies that vr e (G) C ir e (H). By the symmetry between G and H, we 
have that 7c e (H) C 7r e (G) , completing the proof. □ 

Now we give some groups with unique non-cyclic graphs. For an 
integer n > 2, we denote by D 2n the dihedral group of order In. 

Proposition 8.4. Let n > 2 be an integer. If G is a group with 
Tq — ^D 2n > then \G\ = In and G contains a cyclic subgroup of order 
n. In particular, if n is odd, then G = Dm- 

Proof. We have 2n-l = \G\-\Cyc(G)\, since Cyc(D 2n ) = 1. The dihe- 
dral group D 2n has an element a of order n, such that D = Cyc£> 2 „ (a) = 
(a). It follows that Cycr>(D) = D. It follows from the hypothesis and 
Lemma 12.11 that there exists an element x G G\Cyc(G) such that 
Cycc(x) is a cyclic subgroup of G and 2n — n = \G\ — \Cyca{x)\. Now 
by Proposition I7.2[ that \Cyc(G)\ divides gcd(2n — l,n) = 1. Hence 
|G| = 2n and so by Theorem 18. 3[ G contains an element of order n. 
Now assume that n is odd. By Theorem 18.31 fi(G) = {n, 2}. Since 
\G\ = 2n and n is odd, it follows that Ca(b) = (b) for every involution 
b £ G. Let A be a cyclic subgroup of order n in G which is clearly 
normal in G. Thus G = A(b) for every involution b G G. On the other 
hand, since C G (6) = (b), b acts fixed point freely on A, thus c b = c" 1 
for all c G A. This implies that G = D 2n , as required. □ 

Thus the non-cyclic graphs of generalized quaternion groups are 
unique. What about the other finite p-groups with a maximal cyclic 
subgroup? We know the complete classification of these groups (see 
[T8l Theorem 5.3.4]) and in the following we show that their non-cyclic 
graphs are not unique, in general, but Question 17. II has positive answer 
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when V is the property of being a finite p-group for a fixed prime p of 
fixed size with a maximal cyclic subgroup. 

Proposition 8.5. Let p be a prime number and n > 3, m > 4 be 

integers. Suppose that G(p n ) = (a,x \ x p = a p " 1 = 1, a x — a 1+pU 

H = (^a, x | x 2 = a 2 " 1 ' 1 — 1, a x — a 2 ™ 2_1 ^ and K(p n ) = Z p n-i © Z p . 

(1) If S is a group such that Ts — T K ^, then S = K(8). 

(2) If either n > 3 or p > 2, then Ta(pn) — ^K{p n )- 

(3) If S is a group such that Ts — T H , then S = H. 

(4) If S is a group such that T$ = r.D 2 „, then S = D 2 n. 

(5) Let S be a group. Then T s = r^^n) if and only if S = G{p n ) 
or K(p n ). 

Proof. (1) Since Cyc K{8) ((l } 0)) = ((1, 0)) and Cyc m ((0, 1)) = ((0, 1)), 
it follows from Proposition 17.131 that \S\ = 8. Now Propositions 17. 131 - 

(1) and EIH imply that S S D 8 or S S K(8). But r Dg ^ r x(8) , since 
(2, 0) has degree 2 in IV(8) while every vertex in Td s has degree equal 
to 6 or 4. This completes the proof of part (1). 

(2) It is easy to see that if gcd(j,p) = 1, then CycG( p ^)(a l x :i ) = (a*x J ), 
and if p n ~ x \ i, then 

Cyca^a 1 ) = {bc\be (a) ,\b\ > \a l \,cE (x) \{1}} U (a) . 

Also if gcd(j,p) = 1, then Cyc K(pn) ((iJ)) = and if p 11 ' 1 \ i, 

then 

Cyc K(p n ) ((i,0)) = {(b,c) : beZ p n-i,\b\ > |z|,ceZp\{0}}|J<(l,0)). 

Now using these information, it is easy to see that : V(Tg( p ™)) — > 
V{YK(p n )) defined by (f){a % xP) = is a graph isomorphism from 

Tg(p") to Tjc(p n )- 

(3) We have that 

{{a % x) if j = 1 

(a) if j = and 2 m ~ 2 f i 

{^a; : 2 \ j} U (a) if j = , 2™- 1 \ i and 2 m ~ 2 | i 

Thus, it follows from Proposition ITT3I that \S\ = \H\ = 2 m . Now 
Theorem 18.31 implies that S has an element of order 2 m_1 . Therefore 
pi Theorem 5.3.4] and Proposition EH-(l) yield that S = H, D 2 ™, 
K{2 m ) or G{2 m ). But Th ^ ^K(2 m ), since the set of degrees of vertices 
in Tx(2 m ) is {2, 2 m — 2 J | j £ {1, . . . , m — 1}}, while the corresponding 
set in is {2, 4, 2 m ~ 2 + 2™- 1 }- So it follows from part (2) that S = H 
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or S = D 2m . Now for D 2 m = (b,y \ b 2 ™ = y 2 = 1, bv = 6" 1 ), we have 



This implies that Th ^ ^D 2m , since the set of degrees of vertices in 
r^ 2m is {2,2 m_1 }. Hence S = H, as required. 

(4) By Proposition 18.41 \S\ = 2 n and S contains an element of order 
2«-i NJcw if n > 3, it follows from Theorem [TH Theorem 5.3.4], 
Proposition I7.13l -(1) and the proof of part (3) that S = D^. If n = 3, 
then Propositions EES-(l) and EUJ imply that 5 S L> 8 or 5 £ K(8). 
Now part (1) completes the proof. 

(5) It follows from parts (l)-(4), Proposition 17.131 and [T8l Theorem 
5.3.4]. □ 

There is a conjecture due to Shi and Bi (see Conjecture 1 of [2~T] ) 
saying that if M is a finite non-abelian simple group such that \G\ — 
|M| for some group G with 7r e (C7) = vr e (M), then G = M. This 
conjecture has been proved for many non-abelian finite simple groups. 

Theorem 8.6. (See H ESJ EH EH E21 E3J EE]) Let G be a fi mte 9 rou P 
and M one of the following finite simple groups: (1) A cyclic simple 
group Z p ; (2) An alternating group A n , n > 5; (3) A sporadic simple 
group; (4) A Lie type group except B n , C n , D n (n even); or (5) A simple 
group with order < 10 8 . Then G = M if and only if (a) vr e (G) = 7T e (M) ; 
and (b) \G\ = \M\. 

This conjecture has been also proved for some non-simple groups. 
The following is an example. 

Theorem 8.7. (See |3J) Let G be a group. Then G = S n , n > 3 (S n 

denotes the symmetric group of degree n) if and only if (a) vr e (G) = 
Tr e (S n ), and (b) \G\ = \S n \. 

Theorem 8.8. Let G be a finite simple sporadic group. If To — 
for some group H, then G = H . 

Proof. We first prove that |G| = \H\. It is easy to see (e.g., from Table 
III in j5j or Tables la-lc in [T2]) that there is a prime divisor p of \G\ 
such that 



and Ca(g) = (g) for every element g G G of order p. Since Tq — Th, 
\G\ - 1 = \H\ - \Cyc{H)\. It follows that 



Cyc H {bY) 



p — 1 divides \G 



(I) 



\Cyc{H)\ divides \G\ - 1. 



(*) 
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Now if g G G and \g\ = p, then there exists an element h G H\Cyc(H) 
such that |G| — \Cycc(g)\ = \H\ — \Cycu{h)\. But Ca(g) = (g) implies 
that Cycc(g) = (g)- Thus \G\ — p = \H\ — \Cycu{h)\. Now Proposition 
O yields that 

\Cyc(H)\ divides \G\ — p. (**) 

Now it follows from (*) and (**) that \Cyc(H) \ divides p — 1 and so by 
(I) it must divide \G\. Therefore \Cyc(H)\ divides gcd(|G|, |G|-1) = 1, 
and from this it follows that \G\ = \H\. Hence by Theorem 18.31 we have 
7r e (G) = 7r e (H). Now Theorem 18. 61 (3). completes the proof. □ 

Theorem 8.9. If G is a group and n > 2 is an integer, then the 
following hold: 

1) 7/r G ^r Sn; thenG = S n . 

2) Ifn > 3 and T G = T An , then G = A n . 

Proof 1) Let a and b be the cycles (1, 2, ... , n) and (1, 2, . . . , n — 1), 
respectively. Then Cs„( a ) — ( a ) an d Cs n (b) = (b). Thus Cyc Sn (a) = 
(a) and Cycs n {b) = (b). Now since T G = T Sn , we have that \Cyc(G)\ 
divides n — (n — 1) = 1. Thus \Cyc{G)\ = 1 and so \G\ = \S n \. Now 
Theorems 18.31 and 18.71 implies that G = S n . 

2) Suppose first that n is odd. Then a G A n and CjL n {a) = (a). 
Thus CycA n (a) = (a). Since To = ^A n , we have \Cyc(G)\ divides 
gcd(n — 1, y — 1) = 1, since n > 3. Hence Cyc(G) = 1 and so, in this 
case, |G| = \A n \. 

Now assume that n is even. Then b G A n and CA„(b) = (b) and so 
Cyc An {b) = (b). It follows that \Cyc{G)\ divides gcd(n-2, f - 1) = 1, 
since n > 3. Therefore Cyc(G) = 1 and so |G| = Therefore in 

any case, |G| = \A n \ and so by Theorem 18.31 we have 7r e (G) = n e (A n ). 
Therefore Theorem 18.61 (2) implies that G = A n for n > 5 and since A± 
is the only group of order 12 having no element of order 6, for n = 4 
we have also G = A n . This completes the proof. □ 

Let G be a finite non-trivial group. The Gruenberg-Kegel graph (or 
prime graph) of G is the graph whose vertices are prime divisors of \G\, 
and two distinct primes p and q are adjacent if G contains an element 
of order pq. Denote by s(G) the number of connected components of 
the Gruenberg-Kegel graph of G. The finite simple groups with non- 
connected Gruenberg-Kegel graph were classified by Williams [25] and 
Kondrat'ev [10J. A list of these groups can be found in [T2] . 

Theorem 8.10. Let M be a finite non-abelian simple group of Lie type 
with s{M) > 2. IfT G = T M for some group G, then \G\ = \M\. 
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Proof. Note that if T is a cyclic subgroup of a group H such that 
Ch{T) = T, then Cvch{T) = T. Now the proof is mutatis mutandis 
the proof of [T3l Theorem 3], except that instead of Lemma 2(a) of 
[13], we may use Proposition 17. 21 □ 

Theorem 8.11. Let M be a finite non-abelian simple group of Lie 
type except B n , C n , D n (n even) with s(M) > 2. I$Tm — Tg f or some 
group G, then G = M. 

Proof. It follows from Theorems 18.101 18.31 and 18.61 - (4) . □ 

Remark 8.12. Professor V.D. Mazurov told the first author in Antalya 
Algebra Days VII (May 2005), that the validity of Shi-Bi conjecture 
will be completed within the next two years for all finite non-abelian 
simple groups, and so far its validity for all finite simple groups except 
those of Lie types B n and C n have been proved. So in view of Theorems 
18.101 and 18.31 h will be possible to say that the non-cyclic graph of a 
non-abelian finite simple group is unique. Anyway we close this paper 
by putting forward the following conjecture. 

Conjecture 8.13. Let M be a finite non-abelian simple group. If 
Tm — Tg f or some group G, then G = M. 

Acknowledgments. The authors were supported by Isfahan Univer- 
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